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Abstract
A ghost free massive deformation of unimodular gravity, in the spirit of mimetic mas-
sive gravity is shown to exist. Nonetheless, the mimetic degree of freedom is lost on
shell.
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1 Introduction
Unimodular gravity (UG) is a variant of General relativity (GR) where the metric is assumed
to be unimodular, that is, to have unit determinant (confer [1] for a brief expose´).
One of its most distinctive features is that there is no massive deformation of it in a
flat background [2]. This no-go theorem assumes, besides Lorentz invariance, unitarity.
That is, any possible Lorentz invariant mass term in UG implies a ghost. This is very much
unlike the linear limit of GR, which admits a massive deformation, which is besides uniquely
determined by Lorentz invariance and unitarity: the Fierz-Pauli mass term [3].
The main interest of UG lies in the way vacuum energy affects gravitation. Namely,
vacuum energy literally does not weigh at all. This solves one half of the cosmological
constant problem (see, for example [4] and references therein), namely, why it is not much
bigger than observed. Incidentally, this aspect of the problem was first pointed out by Pauli,
which proposed that vacuum energy should be ignored when speaking of gravitation [5].
In the present paper we shall present a way out of the above no-go theorem, albeit one
that violates Lorentz invariance, but which we believe to be interesting nonetheless. It will
be a small variation of the mimetic model of Chamseddine and Mukhanov [6, 7, 8], but as
we shall see, the mimetic degree of freedom will no longer survive.
In [6] mimetic matter is introduced, originally as a candidate for dark matter, by con-
sidering two conformally related metrics in spacetime
gˆµν ” Ω
2pxqgµν (1)
where the conformal factor is determined by a kinetic energy of a scalar field
Λ4Ω2 ” gµνBµφBνφ (2)
where Λ is an energy scale. Due to this definition, the scalar field satisfies
gˆµνB
µφBνφ ” BµφBµφ “ Λ
4 (3)
It so happens that it is possible to impose the extra constraint
gαβBαφBβφ “ Λ
4g
´14 (4)
where g ” det gµν , in such a way that the physical metric is unimodular
gˆµν ” g
´14gµν ùñ gˆ ” det gˆµν “ 1. (5)
First of all, let us notice that this condition is Weyl invariant, in the sense that it does not
change under
gµν Ñ ω
2pxqgµν (6)
Now it is curious to notice that the physical norm of the kinetic energy of the scalar field
still equals Λ4
gˆµνB
µφBνφ “ g´
1
4gµνB
µφBνφ “ g´
1
4gµν gˆ
µαgˆνβBaφBbφ “ g
´14g
2
4gαβBaφBbφ “ Λ
4. (7)
The aim of this paper is to apply the massive gravity model introduced in [7, 8] to the
case of UG and the second section of the paper is devoted to that. We also discuss the
position of this model in the general setup of [9].
3
2 Unimodular massive gravity
In [7, 8] a new version of massive gravity is proposed. It is further argued that it is free
of the Boulware-Deser (BD) [10] ghost to all orders of perturbation theory. The main idea
is to introduce the Brout-Englert-Higgs mechanism for gravity through four scalar fields
φa, a “ 0 . . . 3 that acquire a vacuum expectation value. In flat space
φ¯a ” xφay “ Λ2δaµx
µ ” Λ2xa, (8)
and the perturbations of these scalar fields (which will be Goldstone bosons [9]) are
φa Ñ φ¯a ` ξa. (9)
In [6] there are four independent fields ξa; the three scalars ξi , where i “ 1 . . . 3, give mass
to the graviton, while the fourth one, ξ0, which in other models usually becomes a ghost,
is now constrained to have unit norm because of the mimetic constraint which is consistent
with the unimodular projection (7)
gˆµνBµφ
0Bνφ
0 “ Λ4. (10)
In our case the symmetry of UG is not the full diffeomorphism invariance, but only those
volume preserving diffeomorphisms [11], whose component connected with the identity is
generated by transverse vector fields; that is, those that obey
Bµξ
µ “ 0. (11)
We have coined the name TDiff for those. Then, the induced metric perturbations 1
κhˆab ” Λ´4gˆµνBµφ
aBνφ
b ´ ηab, (12)
which are diffeomorphism scalars obey
hˆ00 “ 0 (13)
exactly, as long as the constraint (10) is maintained.
In [7, 8] the action for massive gravity that is postulated reads
S ”
ż a
|gˆ| d4x
"
´
1
2κ2
Rrgˆs `
m2
8
˜
hˆ2
2
´ hˆabhˆab
¸
` λ
´
gˆµνBµφ
0Bνφ
0 ´ Λ4
¯*
(14)
where λ, which is dimensionless and of first order in the perturbation scheme, is denoted as
mimetic matter in [7, 8] and presented as a candidate for dark matter.
The remarkable fact is that this mass term is not of the Fierz-Pauli type, which is the
only one that is unitary in a flat background. Let us try to understand this. As we shall see,
this is due to the fact that the extra condition imposed through a Lagrange multiplier breaks
Lorentz invariance. Taking into account the unimodular transformation (5) the action reads
S ”
ż
d4x
"
´
1
2κ2
|g|
1
4
ˆ
R `
3
32
∇µg∇
µg
g2
˙
` λ
ˆ
|g|
1
4gµνBµφ
0Bνφ
0 ´ Λ4
˙
`
m2
8
ˆ
Λ´8
κ2
|g|
1
2gµνgαβ
ˆ
1
2
Bµφ
aBνφaBαφ
bBβφb ´ Bµφ
aBαφaBνφ
bBβφb
˙
´
2Λ´4
κ2
|g|
1
4gµνBµφ
aBνφa `
4
κ2
˙*
(15)
1Our conventions for the flat metric are ηab “ diagp1,´1,´1,´1q
4
The equation of motion (EOM) for metric takes the form
|g|
1
4
2κ2
ˆ
1
4
Rgρσ `Rρσ
˙
`
|g|´
3
4
2κ2
„
|g|´1
ˆ
33
128
gµλgρσ ´
3
32
gρµgσλ
˙
∇µg∇λg ´
3
16
gρσlg

`
ˆ
gµρgνσ ´
1
4
gµνgρσ
˙"
m2
8κ2
„
2Λ´8|g|
1
2gαβ
ˆ
1
2
Bµφ
aBνφaBαφ
bBβφb ´ Bµφ
aBαφaBνφ
bBβφb
˙
´2Λ´4|g|
1
4Bµφ
aBνφa

` λ|g|
1
4Bµφ
0Bνφ
0
*
“ 0. (16)
On the other hand, the EOM for the scalar fields reads
Bµ
"
2|g|´
1
4ηa0gµνλBνφ
0 ´
m2Λ´4
2κ2
|g|´
1
4gµνBνφ
a
`
m2
8
„
2gµνgαβ
Λ´8
κ2
´
Bνφ
aBαφbBβφ
b ´ Bαφ
aBνφbBβφ
b ´ Bαφ
bBνφbBβφ
a
¯*
“ 0. (17)
Obviously, the equation for λ reproduces the constraint (10), so that
h00 “ 0. (18)
These equations enjoy Weyl invariance besides TDiff. This is what we have dubbed
WTDiff in [2]. It is almost always convenient to fix the Weyl gauge symmetry setting
g “ 1, (19)
which in the linearized theory translates into
h ” hµµ “ 0. (20)
In this gauge, the EOM for the metric readsˆ
gµρgνσ ´
1
4
gµνgρσ
˙"
m2
8
„
2Λ´8
κ2
gαβ
ˆ
1
2
Bµφ
aBνφaBαφ
bBβφb ´ Bµφ
aBαφaBνφ
bBβφb
˙
´2
Λ´4
κ2
Bµφ
aBνφa

` λBµφ
0Bνφ0
*
`
1
2κ2
ˆ
1
4
Rgρσ ´Rρσ
˙
“ 0. (21)
Note that this equation is traceless, as expected due to TDiff invariance. For the scalar
fields we obtain
Bµ
"
2ηa0gµνλBνφ
0 ´
m2Λ´4
2κ2
gµνBνφ
a`
`
m2
8
„
2gµνgαβ
Λ´8
κ2
´
Bνφ
aBαφbBβφ
b ´ Bαφ
aBνφbBβφ
b ´ Bαφ
bBνφbBβφ
a
¯*
“ 0. (22)
Let us now in fact linearize those equations by writing
gµν “ ηµν ` κhµν
φa “ Λ2xa ` ξa (23)
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with
Baξ
a “ 0. (24)
The linearized gravitational EOM after substituting the mimetic constraint finally reads
1
4κ
„
BλBµhνλ ` B
λBνh
µ
λ
´ lhµν ´
1
2
BλBσhλση
µν

`
m2Λ´2
4κ2
´
´κΛ2hµν ` Bµξν ` Bνξµ
¯
´
´ λΛ4
ˆ
ηµ0ην0 ´
1
4
ηµν
˙
“ 0 (25)
It should be noticed that the second member of this equation, proportional to the mass
parameter, breaks the TDiff gauge symmetry. Nevertheless, we can reabsorb the terms
containing ξµ by a field redefinition, which leaves the first member invariant. That is, we
redefine
hµν ´
1
κΛ2
pBµξν ` Bνξµq Ñ hµν (26)
leading to„
BλBµhνλ ` B
λBνhµ
λ
´ lhµν ´
1
2
BλBσhλση
µν

´m2hµν ´ 4λκΛ4
ˆ
ηµ0ην0 ´
1
4
ηµν
˙
“ 0.
(27)
The EM for the scalar fields yields
Bµ
”
m2hµνδaν ` 4λκΛ
4ηa0ηµ0
ı
“ 0. (28)
The linearized Bianchi identity ensures that the first member of (27) is transverse, so that
an integrability condition for the above equation is that the second member is transverse as
well, namely
Bµ
„
m2hµν ` 4λκΛ4
ˆ
ηµ0ην0 ´
1
4
ηµν
˙
“ 0. (29)
Combining (28) with (29) yields Bνλ “ 0. So at this point it can already be seen that the
mimetic degree of freedom is not dynamical. This is not a surprise, due to the fact that
in [6], λ is related to pG´ T q, the traces of the Einstein tensor and the energy momentum
tensor, which is a constant in UG2.´
l `m2
¯
hµν “ ´4λκΛ
4
ˆ
δ0µδ
0
ν ´
1
4
ηµν
˙
. (30)
Owing to the constraint h00 “ 0, the 0´ 0 component of the above equation leads to
λ “ 0, (31)
which means that the mimetic matter field λ vanishes on shell. The 0´ i component reads´
l `m2
¯
h0i “ 0, (32)
2In UG the EOM of the metric turns out to be traceless. When taking into account the Bianchi identity,
one arrives at the fact that pG ´ T q is constant so that the trace can be reintroduced in the EOM giving
rise to the usual Einstei’n equations in the presence of a cosmological constant.
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and the i´ j component ´
l `m2
¯
hTij “ 0. (33)
Let us focus on the mixed 0´ i component. Our purpose in life is to express h0i in terms
of hTij so we need to get rid of the time derivatives acting in h0i. To do so, we take the
spatial part of the Bianchi identity (29) with λ “ 0
Bihik ` B
0h0k “ 0 (34)
If we differentiate again with respect to the time component we get
B0B
ihik ` B0B
0h0k “ 0 (35)
so taking the equation for h0i and using (35) we finally obtain
B0B
jhTji ´ BjB
jh0i “ m
2h0i (36)
In conclusion, we are left with the five massive degrees of freedom for the graviton, hTij ,
but we no longer have the degree of freedom of the mimetic matter λ due to (31).
3 Conclusions
In the standard reference [9] a systematic study is made of the most general possible mass
term in the linear approximation that preserves three-dimensional euclidean invariance,
namely
Lm ”
M2p
2
¨
˝m20 h200 ` 2m21 ÿ
i
h20i ´m
2
2
ÿ
ij
h2ij `m
2
3
˜ÿ
i
hii
¸2
´ 2m24 h00
ÿ
i
hii
˛
‚. (37)
Before gauge fixing, the massive gravity studied in the present paper corresponds to the
mass term
Lm ”
m2
8
ˆ
h2
2
´ hµνhµν
˙
“
m2
8
ˆ
2h0ih0i `
1
2
hiihjj ´ hijhij
˙
, (38)
where the constraint h00 “ 0 is already implemented. Note that this hµν is not traceless
yet. This corresponds in the language of [9] to the phase
m20 “ 0
m21 “ m
2
2 “
m23
2
ą 0
m24 “ 0. (39)
This means that this mass term corresponds to the second subcase of (3.25) in [9], which
has been argued to be free of pathologies, that is,
m20 “ 0
m21, m
2
2 ą 0
pm21 ´m
2
4qm
2
4 “ 0
m22 ‰ m
2
3. (40)
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Therefore, provided one is willing to give up Lorentz invariance, we can get a massive
graviton in UG. The difference arising in UG with respect to GR seems to be the fact that
the mimetic degree of freedom does not longer survive.
We find nevertheless interesting that a ghost-free massive deformation of unimodular
gravity does exist at all.
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